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We propose a feasible way of engineering Majorana-type quasiparticles in ultracold fermionic gases
on a one-dimensional (1D) optical lattice. For this purpose, imbalanced ultracold atoms interacting
by the spin-orbit coupling should be hybridized with a three-dimensional Bose-Einstein condensate
(BEC) molecular cloud. By constraining the profile of an internal defect potential we show that
the Majorana-type excitations can be created or annihilated. This process is modelled within the
Bogoliubov-de Gennes approach. This study is relevant also to nanoscopic 1D superconductors
where modification of the internal defect potential can be obtained by electrostatic means.
Introduction. — Ultracold quantum gases provide a
unique opportunity for quantum simulations of interact-
ing many-body systems [1]. Tremendous progress in ex-
perimental techniques in the last years has allowed to
control all important ingredients of such simulations, giv-
ing an insight into physical mechanisms that eluded un-
derstanding in conventional, “natural” condensed matter
setups. In particular, both the depth of the periodic trap-
ping potential and the lattice geometry can be controlled,
offering a variety of opportunities for research. Experi-
ments in which fermionic or bosonic gases are loaded into
the optical lattices have been carried out [2]. There has
been significant experimental progress in the engineering
of artificial gauge fields, the spin-orbit (SO) couplings or
simulating non-Abelian fields [3].
Recent studies of the topological matter, especially the
topologically non-trivial superconductivity, is motivated
by realization of exotic quasiparticle excitations that re-
semble the Majorana fermions (MFs) [4, 5]. In quan-
tum field theory, MFs are particles that are their own
antiparticles. In condensed matter, MF can be under-
stood as a quasiparticle which is its “own hole”. More-
over, the Majorana excitations have an exotic exchange
statistics – they are non-Abelian anyons [6], which makes
them even more interesting. The prerequisites to observe
such zero-energy Majorana modes in condensed matter
systems are: a strong SO coupling, an external Zeeman
magnetic field (population imbalance) and the existence
of a gap in the energy spectrum [7–10]. The SO cou-
pling is quite important from the point of view of real
systems. It determines the electronic structure of atoms
but also leads to such non-standard phenomena as the
emergence of topological insulators. The SO coupling
has been realized successfully in ultracold atomic gases
setups. The first experimental realization of the SO cou-
pling has been performed in BEC using a two-photon
Raman process [11]. As concerns the experimental real-
ization of the SO coupling in an ultracold fermionic gas,
it has been reported one year later [12].
So far, various experimental methods for detecting
Majorana quasiparticles have used either semiconduct-
ing nanowires proximitized to superconductors [7–9, 13],
vortices in p-wave superconductors [14], or some litho-
graphically designed nanostructures [15]. Finding feasi-
ble means for manipulating Majorana quasiparticles in
such systems is still quite a big challenge. We address
such issue for a nonuniform 1D system, where an addi-
tional pair of Majorana modes can be controllably cre-
ated by designing a proper internal scattering potential.
FIG. 1. (a) An ultracold fermionic gas loaded on a 1D
lattice (F) coupled to a molecular BEC in a trap (the red
line). The Majorana modes (M) are created on the edges of
the wire. Placing inside the trap an additional potential bar-
rier (blue lines), one can effectively split the fermionic chain,
creating additional two edges, which causes the induction of
extra Majorana states (IM). (b) Dispersion relation for a 1D
population-imbalanced chain with spin-orbit interaction. The
BEC medium induces pairing between opposite momenta and
spin states, which creates a gap of size ∆. There is the topo-
logically (non)trivial phase for a Fermi level µ1 (µ2). (c) Ex-
emplary energy spectrum E–µ. The red line illustrates Majo-
rana bound states (MBS), topologically protected inside the
energy gap, occurring between A and B, which determine the
boundary of the topologically non-trivial phase.
2Setup. — Our study is inspired by the proposal
of L. Jiang et al. [10] to investigate a trapped spin-
imbalanced fermionic gas on a 1D optical lattice. This
fermionic system is coupled to a 3D molecular BEC cloud
(Fig. 1.a), which provides the on-site s-wave pairing of
atoms. By applying the spin-orbit and the Zeeman in-
teractions (via a synthetic magnetic field), one can induce
the p-wave pairing between the identical spin atoms from
neighbouring sites. Such topologically non-trivial super-
conducting state is manifested by the zero-energy MBS
appearing at the trap edges (practically, near the Fermi
radius). We have checked that optimal conditions for
MBS occur when a profile of the trapping potential is
steep enough (see red line in Fig. 1.a) as compared to the
usual harmonic potential, because otherwise their spatial
extent becomes rather fuzzy.
The main objective of our study here is to investigate
how the energy spectrum of a 1D fermionic system (in
particular revealing MFs) can be controllably affected
by an additional potential, sketched by the blue lines
in Fig. 1.a. This quantum defect can be regarded as
an internal boundary, which could induce a new pair of
Majorana quasiparticles [16] that could be used e.g. for
quantum computation [17–19]. Usually the easiest way
to manipulate MFs is to use a T-shape geometry, where
the Majorana edge states can be exchanged by electric
means (using external gate potentials) [19]. Such pro-
cesses would be useful for logical operations on quantum
bits (qubit) made of the Majorana states [20, 21].
Microscopic model. —The 1D atomic Fermi chain on
the optical lattice and coupled to the 3D molecular BEC
(Fig. 1.a) can be described by the following Hamiltonian
H = H0 +HSO +HBEC +Htrap +Hbar. (1)
Here, H0 =
∑
i,jσ
(
−tδ〈i,j〉 − (µ+ σh) δij
)
c†iσcjσ de-
scribes free fermionic atoms in the lattice which hop be-
tween the nearest-neighbour sites with the hopping am-
plitude t, σ =↑, ↓ is the spin index, µ – the chemical
potential and h is a Zeeman field which originates from
a population imbalance. The spin-orbit coupling can be
expressed by HSO = −iλ
∑
〈i,j〉σσ′ ciσ (σˆy)σσ′ cjσ′ , where
σˆy is the Pauli y-matrix. Coupling of the BEC with the
fermionic chain leads to the proximity induced on-site
pairing which can be effectively modelled as HBEC =∑
i
(
∆†ci↓ci↑ +H.c.
)
.
Here, ∆ plays a role of the effective gap induced in
the fermionic chain by the BEC background. Formally,
∆ ≈ gΞ [10], where g denotes the coupling constant
between the composite bosonic and fermionic mixures,
whereas Ξ corresponds to macroscopic occupation in
the ground state by composite bosons in the BEC [22].
Htrap =
∑
iσ V (ri)c
†
iσciσ describes trapping potential
(V˜ ), whereas Hbar =
∑
iσ Λ(ri, t)c
†
iσciσ describes the po-
tential barrier (Λ˜) inside the trap.
The dispersion relation for a fermionic chain with
strong SO coupling, in a Zeeman magnetic field is dis-
played in Fig. 1.b. For the topologically trivial phase,
the degeneracy of Fermi level µ1 is fourfold, whereas in a
topologically non-trivial phase µ2 has only two-crossing
points. By varying µ the system qualitatively changes
from the topologically non-trivial to topologically trivial
one (Fig. 1.c). In the first case, i.e. in the region located
to the left of point A and to the right of point B, there is
the standard gaped spectrum of the energy. However, be-
tween the point A and B in Fig. 1.c, we are dealing with
a topologically non-trivial phase which is manifested by
the topologically protected MBS inside the soft gap (red
line in Fig. 1.c). The condition for the occurrence of such
a topological phase in a homogeneous system is given by√
∆2 + (2t+ µ)2 > h, and thus depends on the chemical
potential µ2 in Fig. 1.b.
Methodological details. — The quasiparticle spec-
trum of ultracold atoms described by the Hamiltonian
H can be obtained from a diagonalization procedure
based on the Bogoliubov-Valatin transformation ciσ =∑
n
(
uinσγn − σv
∗
inσγ
†
n
)
. As usually, the BCS coeffi-
cients uinσ and vinσ fulfill the Bogoliubov–de Gennes
(BdG) equations EnΨin =
∑
j HijΨjn, where Ψin =
(uin↑, uin↓, vin↓, vin↑) is a four-component spinor, and the
matrix
Hij =


Hij↑↑ Hij↑↓ ∆ij 0
Hij↓↑ Hij↓↓ 0 ∆ij
∆∗ij 0 −H
∗
ij↓↓ H
∗
ij↓↑
0 ∆∗ij H
∗
ij↑↓ −H
∗
ij↑↑

 (2)
is defined as: Hijσσ′ =
(
−tδ〈i,j〉 − (µ+ σh)δij
)
δσσ′ +
Hσσ
′
SO , with ∆ij = ∆δij . We introduce the following spin-
orbit terms H↑↓SO = λ(δi+1,j−δi−1,j) and H
↓↑
SO = (H
↑↓
SO)
∗.
MBSs exist only in the non-trivial superconducting
phase and correspond to the zero-energy modes En = 0.
For observing the MBS in the system, the following quan-
tities can be considered: (i) the local density of states
(LDOS) [23], (ii) the density of Majorana quasiparti-
cles PM [24], and (iii) the topological quantum number
Q [25]. Below, we briefly discuss each of them.
The local density of states of fermionic atoms in a given
site i is defined as ρ(i, ω) = −1/pi
∑
σ ImGiσ,11(ω+ i0
+),
where Giσ(ω) = (ω −H)
−1 is the single particle Green’s
function with the matrix H given in Eq. (2). Using the
Bogolubov-Valatin transformation, one can find [26, 27]
ρ(i, ω) =
∑
n,σ
[
|uinσ|
2δ (ω − En) + |vinσ|
2δ (ω + En)
]
,(3)
where δ(ω) is the Dirac delta function and En come from
solving the BdG equations. The density of Majorana
quasiparticles PM is characterized by the off-diagonal
spectral function at zero energy [24]
PM (i) =
∑
n
|uin↓v
∗
in↓ − uin↑v
∗
in↑|δ(En). (4)
3The density (4) provides information about the spatial
extent of MBS in the system, which can be helpful for
investigating non-locality of these quasiparticles.
Another important physical quantity is the topologi-
cal number Q = (−1)m, which tells about the fermion
parity m of the superconducting ground state [28]. This
quantity is helpful for the identification of the topolog-
ical property of described system. Formally, Q can be
appointed from the scattering matrix S which describes
a relation between incoming and outgoing wave ampli-
tudes at the Fermi level [25]. The S matrix is built
by the blocks of the reflection R and transmission T
matrices at the two ends of the system. In this case,
Q = sgndet(R), and the sign denotes the possibility of
the occurrence of the MBS only when Q = −1. Here,
Q has been determined from the sign of the scattering
matrix, within the BdG approach, following the numer-
ical procedure discussed in [29]. Formally, Q can be
appointed from a Pfaffian of R and can be regarded as
the spin Chern number in a case of the Z2 topological
phase [30, 31]. Several methods for numerical determi-
nation of the topological quantum number have been pro-
posed in the literature [32–34]. Of particular interest is
for us the odd fermion parity, Q = −1, refering to the
topologically nontrivial superconducting phase [35, 36].
Computational details. —Our calculations have been
done for a 1D lattice comprising N = 600 sites. We
fixed the concentration of atoms n ≃ 0.16 and focused
on the ground state (T = 0), assuming the model pa-
rameters h = 0.3t, the SO coupling λ = 0.15t and the
gap ∆ = 0.2t. This choice of parameters, in a case of
the barrier potential absence, fulfills the condition for re-
alisation of the Majorana quasiparticles in the system.
To solve numerically the BdG equations, we have re-
placed the Dirac delta function by a narrow Lorentzian
δ(ω) = ζ/[pi(ω2 + ζ2)] with a broadening ζ = 0.002 for
LDOS and 10−12 for PM .
We have investigated the trapping potential V˜ in the
form of: (i) the parabolic trap V (ri) = V0(ri−N/2)
2 and
(ii) the Gaussian curve on the edge of the lattice V (ri) =
V0
[
exp
(
−r2i /2σ
2
)
+ exp
(
−(ri −N)
2/2σ2
)]
. Without
loss of generality, we have assumed Λ˜ with the Gaus-
sian shape located at the centre of the system, Λ(ri) =
Λ0(t) exp
(
−(ri −N/2)
2/2σ2(t)
)
. The parameters V0, Λ0
and σ characterize the height and the width of the po-
tentials, respectively.
To realize a MBS in nonuniform ultracold gases, the
trapping potential has to satisfy certain conditions which
guarantee the appearance of a topologically non-trivial
superconducting state. The role of the specific trapping
potential and the barrier is shown in the phase diagram
(Fig. 2), where we denote the region of topological phase
which supports the realization of MBS (Q = −1) by grey
color. For the parabolic trap (panel a), this phase exists
only for the relatively flat shape (with small V0) with a
nearly constant spatial distribution of atoms. Our results
FIG. 2. The phase diagram µ–V0 in the cases of (a) har-
monic trap V0δr
2 and (b) the barrier potential in the Gaus-
sian curve form Λ0 exp
(
−δr2/2σ2
)
, where δr is the distance
from the center of the system. The inset shows variation of
the chemical potential δµ during the evolution of the system.
The (non-)trivial topological phase is displayed by (grey) yel-
low color.
depend on the size of the system (see the dotted red line
in Fig. 2.a corresponding to a boundary of the phase with
Q = −1 for N = 900 sites), where the total concentra-
tion of particles n is assured by appropriate µ. We also
studied the trapping potential of a Gaussian form (panel
b) and found that the Q = −1 phase exists in a broad
range of the model parameters. We hence emphasize that
profile of the trapping potential is crucial for the appear-
ance of the MBS. We have chosen the trapping potential
of the Gaussian form with Λ0 = 10 and σ = 20, which
gives Q = −1 and, as a consequence, allows to realize
MBS. The numerical calculations have been carried out
for different values of Λ˜ potential. However, MBC can
be induced only for these parameters, for which Q = −1,
e.g. for those shown in Fig. 2.b.
Creation of in-trap Majorana states. — To describe
the new pair of MBS induced by the additional Λ˜ poten-
tial, we have assumed time-dependent Λ0 and σ. We have
studied the non-Markovian dynamics, in which at every
time t step, the physical configuration depends only on
the shape of the trapping potential and the actual bar-
rier potential. We have investigated the evolution of the
system in two steps: (A), when the height of Λ increases
with constant σ and (B), when the width of σ increases
with constant Λ. We assumed Λ(t) and σ(t) given as
5t/75 and 5 in the A step (for t < 75), while 5 and
5 + (t − 75)/4 in the part B (for t > 75), respectively
(shown by the movie POT.MP4 in the Supplementary
Material). The time t corresponds to the step change of
barrier Λ˜. In both cases, the system is in topologically
non-trivial state. Upon varying the parameters of the Λ˜
potential, the topological superconducting phase can be
destroyed, changing the topological invariant Q from −1
to 1. To keep the fixed concentration n of the fermionic
atoms, we have adjusted the chemical potential. Its vari-
ation δµ is shown in the inset of Fig. 2.b.
4FIG. 3. The spatially-dependent spectrum of the fermionic
atoms in the Gaussian trap at time step 0 (panel a) and with
the internal barrier, after the creation of an additional pair of
MBS at time step 100 (panel b).
For each step of the varying internal barrier, we have
calculated the spatially dependent LDOS, starting from
the topologically non-trivial phase with a pair of MBS
(shown in Fig. 3.a). The evolution of Λ˜ (see the movie
LDOS.MP4 in Supplemental Material) yields a new pair
of MBS induced at the potential barrier. The final spec-
trum of the system (at time step 100) is displayed in
Fig. 3.b.
The appearance of internal zero-energy states can be
observed already at step 5. By investigating the low-
energy eigenvalues of the system (Fig. 4), one can notice,
however, that such peaks do not correspond to additional
MBS. The true Majorana modes appear around step 45
(see inset in Fig. 4). If such internal barrier Λ˜ was flat and
spatially broad, it would induce only Andreev (non-zero
FIG. 4. The low-energy eigenvalues of H (2) varying with
the potential barrier evolution, for the parameters described
in the main text. Phase A corresponds to increasing height of
the barrier amplitude, phase B to widening of the barrier, and
grey denotes the region of the trivial Andreev states. Inset
displays a zoom of the main figure for steps 〈40; 60〉 at which
a new pair of Majorana modes is created.
FIG. 5. Density of the Majorana states PM for the varying
barrier potential Λ˜. The primary (PM) and induced (IM)
MBS are located at the edges of the trapping potential V˜ and
near the internal barrier Λ˜, respectively.
energy) states [37]. This is evident from the Majorana
density PM (Fig. 5). At each step of the potential Λ˜
evolution, the initial MBS practically does not change
at all. Around step 45, we observe the emergence of
a new MBS inside the 1D system, nearby the barrier
Λ˜. Moreover, the change from the phase A to B does
not affect much either the initial or the new MBS. The
varying of the width of the barrier Λ˜ in the B phase
only has the effect of affecting the location on the in-trap
MBS. Thus, it is the A phase that is the crucial one for
the creation of an additional MBS. We observe that both
the MBSs exist over a few sites in the 1D lattice.
Summary. — We have considered a possible realiza-
tion of Majorana quasiparticle states in a 1-dimensional
trapped fermionic system, as proposed earlier in Ref. [10].
Our study clearly indicates that the MBS are very sensi-
tive to the trapping potential, preferring its flat shapes.
We have shown this feature by constructing a phase di-
agram where the topological invariant Q is plotted with
respect to the parameters of the (parabolic and Gaussian)
trapping potentials. In practice, their profile can be con-
trollaby designed by the counterpropagating laser beams.
We have also shown that the internal scattering poten-
tial is able to create an additional pair of MBS and this
process is sensitive to the height of the potential. While
the additionally created MBS is robust against changing
the potential width. This can be routinely done in ultra-
cold gases using external laser beams, but similar effects
can be achieved in solid state realizations of MBS (using
the proximitized superconducting nanowires) by gating
individual sites of the Rashba chain [19].
Our considerations of the internal MBS in ultracold
gases are appealing for a future perspective of quantum
computing [38, 39]. Two pairs of MBS with opposite
polarizations [24] can be written/read without any risk
of decoherence, because of their topological protection.
5If the saved information is copied into separate parts in
the system, then information will survive in one of the
qubits, while the second qubit can be used for additional
quantum operations. Finally, the initial information can
be confronted with the results of the computations per-
formed in the meantime.
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